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Abstract
It is analysed the triple-cut of one-loop amplitudes in dimensional regularisation within spinor-helicity representation. The triple-cut is defined
as a difference of two double-cuts with the same particle contents, and a same propagator carrying, respectively, causal and anti-causal prescription
in each of the two cuts. That turns out into an effective tool for extracting the coefficients of three-point functions (and higher-point ones) from
one-loop amplitudes. The phase-space integration is oversimplified by using residues theorem to perform the integration on the spinor variables,
via the holomorphic anomaly, and a trivial integration on the Feynman parameter. The results are valid for arbitrary values of dimensions.
© 2006 Elsevier B.V. Open access under CC BY license.1. Introduction
It is a well-known fact that any one-loop amplitude with
massless particles running in the loop, can be written, via
standard Passarino–Veltman reduction, in terms of a basis of
analytically known scalar integrals [1–4], called master inte-
grals (MI). Such a basis consists of box-, triangle- and bubble-
diagrams (I4, I3, I2, respectively), which in four dimensions
render the amplitude a combination of (poly)logarithms and ra-
tional terms.
To compute any amplitude, it is therefore sufficient to com-
pute each of the rational coefficients entering that linear com-
bination, and the principle of unitarity-based methods, as pro-
posed by Bern et al. [5], is the exploitation of the unitarity-cuts1
of each MI, for reading its coefficient out of the amplitude.
Unitarity in four-dimension (4D) is sufficient to compute
the polylogarithmic terms and the transcendental constants of
one-loop amplitudes. By exploiting the analytic continuation of
tree-amplitudes to complex spinors, initiated by Witten, Cac-
hazo and Svrcek [6,7], and the properties of the complex in-
tegration [8–11], new techniques have generalised the cutting
rules. On the one side, the quadruple-cut technique of Britto et
E-mail address: mastrolia@physics.ucla.edu (P. Mastrolia).
1 In the following we equivalently use the terminology of multiple cut and
multi-particle cut.0370-2693 © 2006 Elsevier B.V.
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Open access under CC BY license.al. [12] yields the immediate computation of boxes’ coefficient.
On the other side, the polylogarithmic structure related to box-,
triangle- and bubble-functions can be detected by a double-cut
and computed by a novel way of performing the phase-space in-
tegral [13,14], introduced by Britto, Buchbinder, Cachazo and
Feng, in the context of supersymmetry, and that with Britto
and Feng, we further extended to deal with non-supersymmetric
amplitudes, which combines the extraction of residues in spinor
variables and the integration over a Feynman parameter.
However, on general grounds, amplitudes in non-supersym-
metric theories, like QCD, suffer of rational ambiguities that
are not detected by the four-dimensional dispersive integrals.
Therefore, in the very recent past several groups have devel-
oped new techniques focusing on the separate computation of
the rational term of one-loop amplitudes. According to the com-
bined unitarity-bootstrap approach, introduced by Bern, Dixon
and Kosower in collaboration with Berger and Forde [15], the
cut-containing terms computed by 4D-unitarity can provide
corrective factors (due to factorisation constraints [16]) to a
BCFW-like recurrence relation [17] for the reconstruction of
the rational part, from the rational part of lower-point ampli-
tudes. Xiao, Yang and Zhu have developed an optimized tool by
tailoring the Passarino–Veltman reduction on the integrals that
are responsible of the rational part of scattering amplitudes [18],
giving rise to further refinements and new developments of al-
gorithms for the tensor reduction of Feynman integrals like
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los and Pittau [19], and the form-factors method of Binoth et
al. [20].
Alternatively, as it was realized by van Neerven [21], one
can reconstruct the full amplitude from unitarity cuts in D (=
4 − 2) dimensions.
The unitarity-method introduced by Bern, Dixon, Dun-
bar, Kosower and Morgan [5,22,23] avoids the explicit eval-
uation of the phase-space integrals. It rather relies on the
channel-by-channel reconstruction of the loop-integrand, by
lifting the δ(+)-functions to full propagators, after having ex-
ploited as much as possible the simplification due to the on-
shell cut-conditions. Then, by means of conventional tech-
niques for loop-integrals, one obtains the reduction of the of
reconstructed-loop amplitude in terms of MI, enabling the ex-
traction of their coefficients.
Brandhuber et al. [24] combined that technique of recons-
tructed-loop integrands with the generalised cutting rules, ex-
tending the effectiveness of the multiple-cuts, namely quad-
ruple- and triple-cuts, from four to D dimensions. In particular
the quadruple-cuts of reconstructed amplitudes yield the extrac-
tion of the coefficients of n-point MI, with n 4; whereas the
triple-cuts of reconstructed amplitudes yield the extraction of
the coefficients of n-point MI, with n 3 (which do have three
denominators to be cut), and also of those 2-point MI that (do
not have them, but) come from the tensor reduction of triangle-
functions.
Recently, together with Anastasiou, Britto, Feng and Kunszt
[25,26], we have been able to extend, as well from the four-
dimensional case, the effectiveness of the true integration of
the phase-space [13,14], for the computation of the two-particle
cut in D dimensions, by combining the extraction of residues
in spinor variables and the parametric Feynman integration,
convoluted with a further trivial parametric integration. Double-
cuts in D dimensions can detect the coefficients of any n-point
MI, with n 2, which are what needed for the computation of
any scattering amplitude (in absence of 0-point functions, the
tadpoles).
In this Letter, we present a new way for computing triple-
cuts of dimensional regularised one-loop amplitudes. It enables
the direct extraction of triangle- and higher-point-function co-
efficients from any one-loop amplitude in arbitrary dimensions.
It combines the benefits of the double-cut integration of [13,
14,25,26] and of the exploitation of the on-shell cut-conditions
[5,22–24], through the idea of the inverse Cutkosky rule, al-
ready employed by Anastasiou and Melnikov [27,28], to re-
place the third on-shell δ-function by the difference of two
propagators,
(2πi)δ
(
p2 − μ2)→ 1
p2 − μ2 + i0 −
1
p2 − μ2 − i0 .
That yields an effective disentangling of the algebraic re-
duction of the integrand, achieved by trivial spinor algebra
(Schouten identities), from the actual integrations which turn
out to be oversimplified, when not trivialised.Accordingly, the triple-cut is treated as a difference of two
double-cuts with the same particle contents, and a same prop-
agator carrying respectively causal and anti-causal prescription
in each of the two cuts.
The triple-cut phase-space for massless particle in D dimen-
sions is written as a convolution of a four-dimensional triple-cut
of massive particle, and an integration over the corresponding
mass parameter, which plays the role of a (−2)-dimensional
scale [29].
As for the double-cut [25,26], to perform the four-dimen-
sional integration, we combine the method of spinor integration
via the holomorphic anomaly of massive phase-space integrals,
and an integration over the Feynman parameter. But, in the
case of the triple-cut, after Feynman parametrisation, by com-
bining back the two double-cuts, the parametric integration is
reduced to the extraction of residues to the branch points in
correspondence of the zeroes of a standard quadratic function
(SQFn) in the Feynman parameter. It is that SQFn, or better,
its roots that carry the analytic information characterizing each
master-integral, therefore determining its own generalised cuts,
hereafter called master-cuts, as it could be seen also from the
seminal analysis by ’t Hooft and Veltman of the generic scalar
one-loop integrals [1].
The final integration over the dimensional scale parameter is
mapped directly to triple-cut of master integrals, possibly with
shifted dimensions [2–4].
The method hereby developed can be considered as one
more dowel in the jigsaw of reconstructing any amplitude from
its multiple generalised cuts along the lines of the Feynman tree
theorem [30,31] and the Veltman largest time equation [32,33].
In this spirit, one could now compute n-point (n  4) coeffi-
cients from quadruple cuts, three-point coefficients from triple-
cuts, and two-point coefficients from double-cuts, by avoiding
the conventional tensor reduction. As it turns out, given the de-
composition of any amplitude in terms of MI, the coefficient of
any n-point MI can be recovered from the n-particle cut. Ob-
viously, that n-particle cut may detect as well higher-point MI,
which will appear with different analytic structures, for they
come from the zeroes of a SQFn specific of each diagram.
The triple-cut method hereby outlined can be applied to scat-
tering amplitudes in gauge theories, and in Gravity as well. In
particular, in the latter case, it suitable for the analytic investiga-
tion of the so-called “no-triangle hypothesis” for one-loop am-
plitudes in N = 8 four-dimensional supergravity, conjectured
by Bern, Bjerrum-Bohr, and Dunbar, and already confirmed
together with Ita, Perkins and Risager at the 6- and 7-point
level [34].
On the more speculative side, we think that the characteri-
zation of master integrals in terms of (the branch points corre-
sponding to) the zeroes of the standard function of the Feyn-
man parameter might lead to a deeper understanding of the
decomposition of one-loop amplitudes in terms of basic scalar
integrals; and, together with the multi-particle cuts defined as
iteration of (difference of) one-particle cuts, possibly, of their
recursive behaviour.
Before proceeding with the analysis of the triple-cut, let us
recap the double-cut technique introduced in [25,26].
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We consider dimensional regularised one-loop amplitudes
with massless propagators in the four-dimensional helicity
(FDH) scheme, with external momenta living in four dimen-
sions and the loop momentum living in a space with number of
dimensions equal to D (= 4 − 2).
The discontinuity [27] of a generic one-loop amplitude in D
dimension is defined via the double-cut in Fig. 1, corresponding
to,
(1)M=
∫
d4−2ΦAtreeL ×AtreeR ,
(2)d4−2Φ = d4−2p δ(+)(p2)δ(+)((K − p)2),
where d4−2Φ is the Lorentz invariant two-body phase-space
in D dimensions (D-LIPS), AtreeL,R are tree-level amplitudes,
and K is the total momentum across the cut.
Since the external momenta are in four dimensions, we can
decompose the loop momentum as p = L + μ, where L is
a 4-dimensional vector, and μ is its (−2)-dimensional com-
plement [22,29]. As a consequence, the D-LIPS can be ex-
pressed as an integral over the dimensional scale μ2 of a four-
dimensional μ2-dependent discontinuity, equivalently written
as
(3)
∫
d4−2Φ = χK()
1∫
0
duu−1−
∫
d4Φ,
(4)χK() = (4π)

(−)
(
K2
4
)−
,
(5)u = 4μ
2
K2
,
(6)
∫
d4Φ =
∫
d4Lδ(+)
(
L2 − μ2)δ(+)((L − K)2 − μ2).
In so doing, one can write the D-dimensional massless
double-cut M, essentially as an integral in u of a four-
dimensional (4D) massive double-cut, Δ,
(7)M= χK()
1∫
0
duu−1−Δ,
with the 4D-discontinuity defined as,
(8)Δ =
∫
d4ΦAtreeL (p)AtreeR (p).
To perform the cut integration along the line of [10–14], the
massive loop momentum L is decomposed into a linear combi-
Fig. 1. Double-cut.nation of a light-like vector, 	0, and the time-like momentum-
cut, K , [25,26]
(9)L = 	0 + zK, with 	20 = 0.
After the rescaling [7],
(10)	aa˙0 = t	a	˜a˙,
the 4D-massive double-cut integration appears to be parame-
trized as,∫
d4Φ =
∫
dz
δ(z − z0)
(1 − 2z)K2
∫
〈	d	〉[	d	]
×
∫
t2 dt δ
(
t − (1 − 2z)K
2
〈	|K|	]
)
=
∫
dz δ(z − z0)
∫ 〈	d	〉[	d	]
〈	|K|	]
(11)×
∫
t dt δ
(
t − (1 − 2z)K
2
〈	|K|	]
)
,
(12)z0 = 1 −
√
1 − u
2
,
where, z0 is the proper root of the equation z(1 − z)K2 −μ2 =
0, as allowed by the δ(+)-conditions. One can see the simi-
larities between the massive and massless phase-space in four
dimensions by comparing (11) and (130).
It is very important to notice that, due to the shift in (9),
the spinor integration becomes light-like as required by the
method in [13,14]. Accordingly, by means of basic spinor al-
gebra, namely by Schouten identities, one can disentangle the
dependence over |	〉 and |	], and express the result of the t -
integration as a combination of terms whose general form looks
like,∫
t dt δ
(
t − (1 − 2z)K
2
〈	|K|	]
)AtreeL (	, z, t)AtreeR (	, z, t)
〈	|K|	]
(13)=
∑
i
Gi
(|	〉, z) [η	]n〈	|P1|	]n+1〈	|P2|	] ,
where Pi can either be equal to K , or be a linear combination of
external vectors, which depends on z, coming from (off-shell)
propagators; and where G’s depend solely on one spinor flavour,
say |	〉 (and not on |	]), and may contain poles in |	〉 through
factors like 1/〈	Ω〉 (with |Ω〉 being a massless spinor, either
associated to any of the external legs, say |ki〉, or to the action
of a vector on it, like /P |ki〉).
The explicit form of the vectors P1 and P2 in Eq. (13) is de-
termining the nature of the 4D-double-cut, logarithmic or not,
and correspondingly the topology of the diagram which is as-
sociated to. For easy of notation let us define the generic term
in the r.h.s. of Eq. (13),
(14)Ii = Gi
(|	〉, z) [η	]n〈	|P1|	]n+1〈	|P2|	] .
Accordingly the 4D-discontinuity in Eq. (8) reads,
(15)Δ =
∑∫
dz δ(z − z0)
∫
〈	d	〉[	d	] Ii .
i
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ters, in carrying on the spinor integration of Ii :
1. P1 = P2 = K (momentum across the cut). In this case, the
result contains only the cut of a linear combination bubble-
functions with external momentum K , and dimensions
which might be or not shifted from the original value, D.
2. P1 = K , P2 = K , or P1 = P2 = K . In this case, the result
can contain the cut of a linear combination of n-point func-
tions with n  3 and dimensions which might be, or not,
shifted from the original value, D.
Since, in this Letter, we are mainly interested in triangle-
functions (and higher-point ones), or better, in their coefficients,
we will focus on case 2.
2.1. Logarithmic terms of 4D-double-cut
Let us assume that either P1 = K , P2 = K or P1 = P2 = K .
In such a situation, one proceeds by introducing a Feynman pa-
rameter, to write Ii as,
(16)Ii = (n + 1)
1∫
0
dx (1 − x)nGi
(|	〉, z) [η	]n〈	|R|	]n+2 ,
with
(17)/R = x/P 1 + (1 − x)/P 2.
We can then proceed with the spinor integration of Ii (the or-
der of the integrations over the spinor variables and over the
Feynman parameter can be exchanged).
First, one performs the integration over the |	]-variable by
parts, using [13]
(18)[	d	] [η	]
n
〈	|P |	]n+2 =
[d	 ∂
	˜
]
(n + 1)
[η	]n+1
〈	|P |	]n+1〈	|P |η] .
Afterwards, the integration over the |	〉-variable, by using
Cauchy’s residues theorem in the fashion of the holomorphic
anomaly [9–11], yielding to,
Fi =
∫
〈	d	〉[	d	]Ii
=
1∫
0
dx (1 − x)n
∫
〈	d	〉[d	 ∂
	˜
] Gi (|	〉, z)[η	]
n+1
〈	|R|	]n+1〈	|R|η]
=
1∫
0
dx (1 − x)n
{Gi (/R|η], z)
(R2)n+1
(19)+
∑
j
lim
	→	ij
〈		ij 〉 Gi (|	〉, z)[η	]
n+1
〈	|R|	]n+1〈	|R|η]
}
,
where |	ij 〉 are the simple poles of Gi .
We may think to Fi in (19) as decomposed into two pieces,
(20)Fi =F (1)i +F (2)iwith
(21)F (1)i ≡
1∫
0
dx (1 − x)nGi
(
/R|η], z) 1
(R2)n+1
,
(22)F (2)i ≡
1∫
0
dx (1 − x)n
∑
j
lim
	→	ij
〈		ij 〉 Gi (|	〉, z)[η	]
n+1
〈	|R|	]n+1〈	|R|η] .
The expressions (20)–(22) are the key point for the triple-
cut construction, later discussed, therefore we will spend some
words on it.
Let us observe that since /R is linear in x, as from Eq. (17),
R2 is a quadratic function, the SQFn, and can be written as,
(23)R2 = f (sij , z)(x − x1)(x − x2),
where f may depend on z and the invariants sij = (ki + kj )2;
and x1,2 are the solutions of the equation R2 = 0.
The key point is that R2 is the signature of the master-
cuts [1]. More properly, its roots x1 and x2 are irrational func-
tions of the kinematic scales, sij and μ2, specific for each di-
agram, and allow to distinguish unequivocally among them. In
fact, the cuts of any scalar master-integral are known from ex-
plicit calculation, and for triangle- and box-function one can
see that the corresponding 4D-double-cut is proportional to the
ln(x1/x2).
In particular the most general expression for R2, accounting
for both 3m-triangle and 4m-box is a quadratic polynomial in x,
(24)R2 = ax2 + 2bx + c,
with coefficients
(25)a = (P 21 − 2P1 · P2 + P 22 ),
(26)b = P1 · P2 − P 22 ,
(27)c = P 22 ,
and zeroes at the values
(28)x1,2 = −b ±
√
b2 − ac
a
.
Given three vectors, K1, K2, K3, bounded by momentum
conservation, K1 + K2 + K3 = 0, we can define the Källen λ-
function
λK1,K2,K3 =
(
K21
)2 + (K22 )2 + (K23 )2
(29)− 2K21K22 − 2K21K23 − 2K22K23 .
We can, thus, write down the roots x1,2 characterizing
triangle- and box-function, by using the following expressions,
according to the case.
• 3m-triangle
For a generic 3-point function with external legs labeled with
K1, K2, K3, and internal mass μ, one has:
(30)/P 2 = /K1,
(31)/P 1 = K
2
3 + 2zK1 · K3
K2
/K1 + (1 − 2z)/K3,1
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(33)P 21 =
1
K21
(
μ2
K21
λK1,K2,K3 + K22K23
)
,
(34)2P1 · P2 = K23 + K22 − K21 .
• 4m-box
For a generic 4-point function with external legs labeled with
K1, K2, K3, K4 and internal mass μ, one has:
(35)/P 1 = K
2
1 − 2zK12 · K1
K212
/K12 + (1 − 2z)/K1,
(36)/P 2 = K
2
4 + 2zK12 · K4
K212
/K12 + (1 − 2z)/K4,
(37)P 21 =
1
K212
(
μ2
K212
λK12,−K2,−K1 + K212K21
)
,
(38)P 22 =
1
K212
(
μ2
K212
λK12,K3,K4 + K212K24
)
,
2P1 · P2 = 1
K212
[
K21K
2
3 + K22K24 + K212K241
(39)− 4μ2(K21 + K24 − K241)].
Subcases for triangles and boxes with massless legs can be
obtained by setting in the above expressions the corresponding
momentum-square to zero.
The completion of the 4D-integration in (15), which reads,
(40)Δ =
∑
i
∫
dz δ(z − z0)Fi ,
can be achieved by merely substituting in the result of (20)
the value z = z0, given in (12)—hereafter is understood the
equivalence of z and z0, and whenever z appears, z0 should
be intended.
Finally, in order to get the discontinuity in D dimension (7),
one should perform the very last integration over the dimen-
sional parameter u (= 4μ2/K2). Indeed, the u-integral is not
to be carried out explicitly: it can either be expressed in terms
of shifted dimension master-cut with coefficients not depending
on  [2–4,22,24]; or equivalently, as explained in [25,26], it can
be reduced via recurrence relations (obtained by integration-by-
parts identities), to master cut in D dimensions and -dependent
coefficients.
As a last remark, we observe that the 4D-massive disconti-
nuity, which can be considered the kernel of the D-dimensional
integration (7), carries all the main information about the de-
composition in terms of master-cuts [1]. Due to the role played
by the integration over the dimensional variable u, the decom-
position of the D-regularised cut-amplitude in terms of master-
cuts in D dimensions, stems from the decomposition of the
4D-massive cut-amplitude, in terms of 4D-massive master-cut.Fig. 2. Triple-cut in terms of two double-cuts, respectively with a causal prop-
agator and an anti-causal propagator: AL , AM , and AR are tree level ampli-
tudes, respectively depending on the external momenta K , K2, K3.
3. Triple-cut
The triple-cut of a generic one-loop amplitude in D dimen-
sion is defined as
(41)N =
∫
d4−2Φ δ(+)
(
(p + K3)2
)ALAMAR,
where:
∫
d4−2Φ is the two-body phase space defined for the
double-cut in (2); (p + K3) is the momentum corresponding to
the extra cut-propagator; and AL,M,R are the tree-level ampli-
tudes forming the one-loop pattern.
By using the inverse of Cutkosky rule [27,28], to express the
δ(+)((p + K3)2) as a difference of two scalar propagators with
opposite i0-prescription, one can write the triple-cut
N = 1
(2πi)
∫
d4−2ΦALAMAR
×
(
1
(p + K3)2 + i0 −
1
(p + K3)2 − i0
)
(42)= 1
(2πi)
(M+ −M−),
as a difference of two double-cutsM±, with a same propagator
carrying respectively a causal and anti-causal i0-prescription in
each of the two double-cuts, see Fig. 2, where
M± ≡
∫
d4−2ΦAL AMAR
(p + K3)2 ± i0
(43)=
∫
d4−2ΦAL AMAR
(p + K3)2±
.
Hereafter, we keep track of the triple-cut propagator with the
subindex ±. In this form, one can deal with M+ and M− as
done in the previous section from Eq. (7) to Eq. (22), but by
taking care of the presence of the ±i0. Accordingly one has,
(44)M± = χK()
1∫
0
duu−1−Δ±
= χK()
1∫
0
duu−1−
∑
i
∫
dz δ(z − z0)F±i
= χK()
1∫
duu−1−
∫
dz δ(z − z0)0
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∑
i
(F (1,±)i +F (2,±)i ),
with
(46)F (1,±)i ≡
1∫
0
dx (1 − x)nGi
(
/R|η], z) 1
(R2±)n+1
,
(47)
F (2,±)i ≡
1∫
0
dx (1 − x)n
∑
j
lim
	→	ij
〈		ij 〉 Gi (|	〉, z)[η	]
n+1
〈	|R|	]n+1± 〈	|R|η]±
.
In this fashion, the D-dimensional massless triple-cut,N , as
well as for the double-cut, can be interpreted as a u-integral of
a 4D-massive triple-cut, Θ ,
(48)N = χK()
1∫
0
duu−1−Θ,
where,
Θ = 1
(2πi)
(
Δ+ − Δ−)
= 1
(2πi)
∫
dz δ(z − z0)
(49)×
∑
i
(F (1,+)i +F (2,+)i −F (1,−)i −F (2,−)i ).
To reach the form for F (1,±)i and F (2,±)i given in (46)
and (47), respectively, the Feynman parametrization should in-
volve the extra cut-denominator (p + K3)2, which, after the
shift (9) and the rescaling (10) has become,
(50)(p + K3)2 → t
(1 − 2z) 〈	|Q|	],
with
(51)/Q = (1 − 2z)/K3 + K
2
3 + 2zK · K3
K2
/K.
In other words, the spinor algebra should be properly tailored
to achieve a decomposition such that /R appears to be defined as
a combination of two vectors, out of which one is /Q,
(52)/R = x/P 1 + (1 − x)/Q.
In fact, R-type terms that after the Feynman parametrization
do not contain Q, therefore without any memory of the i0-
prescription, will just vanish from the triple-cut, once the two
double-cut-like contributions,M±, will be combined back.
Before performing the x-integration, as one would do for the
computation of a double-cut, in this case one can look at the full
form of the triple-cut (42) in terms of F (1,±)i and F (2,±)i ,
(53)N = χK()
1∫
0
duu−1−
∫
dz δ(z − z0)Θ,
where
(54)Θ ≡
∑{
δF (1)i + δF (2)i
}
,i(55)δF (1)i ≡
1
(2πi)
(F (1,+)i −F (1,−)i ),
(56)δF (2)i ≡
1
(2πi)
(F (2,+)i −F (2,−)i ).
The integration over the Feynman parameter, to be still per-
formed both in δF (1)i and in δF (2)i , is frozen by the presence
of a δ-function, as follows,
(57)δF (1)i =
1∫
0
dx (1 − x)nGi
(
/R|η], z)δ((R2)n+1),
δF (2)i =
∑
j
lim
	→	ij
〈		ij 〉Gi
(|	〉, z)[η	]n+1
(58)×
1∫
0
dx (1 − x)nδ(〈	ij |R|	ij ]n+1〈	ij |R|η]).
The expressions (53), (57), (58) represent the final form of a
generic three-particle cut.
4. Examples
In the followings, we show some examples of the application
of the triple-cut method. In Sections 4.1 and 4.2, we compute
the triple-cut of two master-integrals, namely the 1m-triangle,
and the 0m-box; in Section 4.3 we compute the triple-cut of a
linear box integral, to extract the coefficients of the 1m-triangle,
and the 0m-box, in agreement with the results in the literature.
4.1. Scalar 1m-triangle
We consider the scalar integral represented in Fig. 3, and
associated to the triple-cut,
N12|3|4 =
∫
dDΦ δ
(
(L2 − k3)2 − μ2
)
≡
∫
dDΦ
(2πi)
{
1
(2L2 · k3) + i0 −
1
(2L2 · k3) − i0
}
≡ 1
(2πi)
∫
dDΦ
{
1
(2L2 · k3)+ −
1
(2L2 · k3)−
}
≡ 1
(2πi)
{M(+)12 −M(−)12 }
(59)= χ12()
1∫
0
duu−1− 1
(2πi)
{
Δ
(+)
12 − Δ(−)12
}
.
In so doing we have defined the triple-cut as a difference (mod-
ulo the overall factor 1
(2πi) ) of two double-cuts, each carrying
memory of its own i0-prescription.
Fig. 3. Triple-cut of a 1m-triangle.
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as well as for a double-cut. By defining,
(60)/Q = (1 − 2z)/k3 − z/K12 = (1 − z)/k3 + z/k4,
after the shift (9) and the rescaling (10) with cut-momentum,
K12 (= −K34), one has
Δ
(±)
12 = −(1 − 2z)
∫
〈	d	〉[	d	] 1〈	|K34|	]〈	|Q|	]±
(61)= −(1 − 2z)
1∫
0
dx
∫
〈	d	〉[	d	] 1〈	|R|	]2±
with
(62)/R = x/Q + (1 − x)/K34.
Then one proceeds with
Δ
(±)
12 = −(1 − 2z)
1∫
0
dx
∫
〈	d	〉[d	∂
	˜
] [η	]〈	|R|	]±〈	|R|η]
(63)= −(1 − 2z)
1∫
0
dx
1
R2±
,
where we read the residue at the pole |	〉 = /R|η]. The integrand
is formed by the inverse of
(64)R2 = z(1 − z)s12(x − x1)(x − x2),
with roots
x1 = 1
z
= 2(1 +
√
1 − u )
u
,
(65)x2 = 11 − z =
2(1 − √1 − u )
u
,
which can be considered as the characters of the 1m-triangle.
We use at this stage the definition of the δ-function, yielding
to the following expression for the 4D-massive triple-cut,
Θ12|3|4 = 1
(2πi)
{
Δ
(+)
12 − Δ(−)12
}
= −(1 − 2z)
∫
dx δ
(
R2
)
(66)= − 2(1 − 2z)
z(1 − z)s12|x1 − x2| = −
2
s12
,
which is independent of u, therefore of μ2.
Finally, the complete D-dimensional triple-cut of a 1m-
triangle I3,1m reads,
N12|3|4 = χ12()
1∫
0
duu−1−Θ12|3|4
(67)= χ12()
1∫
0
duu−1− (−2)
s12
.Fig. 4. Triple-cut of a 0m-box.
4.2. Scalar 0m-box
We consider the scalar integral represented in Fig. 4, and
associated to the triple-cut,
N12|3|4 =
∫
dDΦ δ
(
(L2 − k3)2 − μ2
) 1
(L2 + k2) − μ2
=
∫
dDΦ δ(2L2 · k3) 1
(2L2 · k2)
= χ12
1∫
0
duu−1−Θ12|3|4
(68)= χ12
1∫
0
duu−1− 1
(2πi)
{
Δ
(+)
12 − Δ(−)12
}
with
(69)Δ(±)12 =
∫
d4Φ
1
(2L2 · k3)±(2L2 · k2) .
Since one has,
(70)2L2 · k3 = t〈	|Q1|	]
(1 − 2z) , 2L2 · k2 =
t〈	|Q2|	]
(1 − 2z) ,
having defined
(71)/Q1 ≡ (1 − 2z)/k3 + z/K34 = (1 − z)/k3 + z /k4,
(72)/Q2 ≡ (1 − 2z)/k2 + z/K12 = (1 − z)/k2 + z /k1,
after the shift (9) and the rescaling (10) with cut-momentum,
K12 (= −K34), one can write,
(73)Δ(±)12 =
∫
dz
δ(z − z0)
s12
(1 − 2z)
∫ 〈	d	〉[	d	]
〈	|Q1|	]±〈	|Q2|	] .
We give as understood the trivial z-integration, and perform the
spinor integration as for a double-cut,
Δ
(±)
12 =
(1 − 2z)
s12
∫
〈	d	〉[	d	] 1〈	|Q1|	]±〈	|Q2|	]
= − (1 − 2z)
s12
1∫
0
dx
∫
〈	d	〉[	d	] 1〈	|R|	]2±
(74)= − (1 − 2z)
s12
1∫
0
dx
1
R2±
,
with
(75)/R = x/Q2 + (1 − x)/Q1,
(76)R2 = s23(1 − 2z)2(x − y1)(x − y2),
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(77)y1,2 = 12
(
1 ±
√
Au + 1√
1 − u
)
, A = s13
s23
.
We can therefore write the 4D-massive triple-cut as,
Θ12|3|4 = 1
(2πi)
{
Δ
(+)
12 − Δ(−)12
}
= − (1 − 2z)
s12
∫
dx δ
(
R2
)
= − 2
s12s23(1 − 2z)|y1 − y2|
(78)= − 2
s12s23
√
1 + Au,
which constitutes the integrand of the D-dimensional triple-cut
of a 0m-box function I4,0m, finally reading as,
N12|3|4 = χ12()
1∫
0
duu−1−Θ12|3|4
(79)= χ12()
1∫
0
duu−1− (−2)
s12s23
√
1 + Au.
4.3. Linear box
We consider the linear box integral,
(80)Bν =
∫
d4L2 d
−2μ
μ2Lν2
D1D2D3D4
,
where
(81)D1 = L22 − μ2, D2 = (L2 + K12)2 − μ2,
(82)D3 = (L2 − k3)2 − μ2, D4 = (L2 + k4)2 − μ2.
In particular let us consider the spinor sandwich 〈1|B|2] which
has the same value of 〈1|A|2] appearing in Eq. (3.43) of [24],
and whose result, obtained by PV-reduction, reads2
(83)〈1|B|2] = 〈1|3|2]
2s13
(s12J4 − 2J3).
The above result, written in terms of 1m-triangle and 0m-
box master integrals in shifted dimension, respectively J3
and J4, can be entirely reconstructed from the triple-cut inte-
gration.
On general ground, any 4-point integral (therefore any am-
plitude) admits a decomposition in terms of master-integrals, as
depicted in Fig. 5. The coefficients c4, c3,1, and c3,2 can be re-
constructed from triple cuts. In particular, the integral 〈1|B|2]
has two independent triple-cuts, namely N1|2|34 in Fig. 6, and
N12|3|4 in Fig. 7, which we will discuss separately.
2 Overall factors understood, see [24] for details.Fig. 5. Decomposition of a 1-loop 4-point amplitude (or integral) in terms of a
0m-box, two 1m-triangles and a bubble, with rational coefficients c’s.
Fig. 6. A triple-cut of a linear box in terms of the master triple-cuts.
Fig. 7. A triple-cut of a linear box in terms of the master triple-cuts.
4.3.1. Triple-cut N1|2|34
The triple-cut integral corresponding to the l.h.s. of Fig. 6, is
defined as,
N1|2|34 =
∫
dDΦ δ
(
(L4 − k1)2 − μ2
) μ2〈1|L4|2]
(L4 + k4) − μ2
=
∫
dDΦ δ(2L4 · k1)μ
2〈1|L4|2]
(2L4 · k4)
(84)= χ34
1∫
0
duu−1−μ2Θ1|2|34,
where
(85)Θ1|2|34 = 1
(2πi)
{
Δ
(+)
34 − Δ(−)34
}
with
Δ
(±)
34 =
∫
d4Φ
〈1|L4|2]
(2L4 · k1)±(2L4 · k4)
=
∫
dz
δ(z − z0)
s34(1 − 2z)
∫
〈	d	〉[	d	]
(86)
×
∫
t2 dt δ
(
t − (1 − 2z)s34〈	|K34|	]
) 〈1|L4|2]
(2L4 · k1)±(2L4 · k4) .
Since,
(87)2L4 · k1 = t〈	|Q1|	]
(1 − 2z) , 2L4 · k4 =
t〈	|Q2|	]
(1 − 2z) ,
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(88)/Q1 ≡ (1 − 2z)/k1 + z/K12 = (1 − z)/k1 + z /k2,
(89)/Q2 ≡ (1 − 2z)/k4 + z/K34 = (1 − z)/k4 + z /k3,
after the t -integration, one can write,
(90)Δ(±)34
∫
dz δ(z − z0)(1 − 2z)2I34,
where
(91)I34 =
∫
〈	d	〉[	d	] 〈1|	|2〈	|K34|	]〈	|Q1|	]±〈	|Q2|	] .
By means of Schouten identities, and after introducing a Feyn-
man parameter, we can separate I34 into two terms,
(92)I34 = I(1)34 + I(2)34 ,
where
I(1)34 = −
1
(1 − 2z)
1∫
0
dx
∫
〈	d	〉[	d	]
(93)×
( 〈1	〉[3 2]
〈4	〉〈	|S1|	]2[3 4] +
〈1	〉[4 2]
〈3	〉〈	|S1|	]2[3 4]
)
,
I(2)34 =
1
(1 − 2z)
1∫
0
dx
∫
〈	d	〉[	d	]
(94)×
(
z〈1	〉[3 2]
〈4	〉〈	|R|	]2[3 4] +
(1 − z)〈1	〉[4 2]
〈3	〉〈	|R|	]2[3 4]
)
,
with
(95)/S1 = −(1 − x)/K34 + x/Q1,
(96)/R = x/Q1 − (1 − x)/Q2.
Each of the above terms, I(i)34 (i = 1,2), being characterized
by the presence of either S1 or R, will lead unequivocally to
triangle- and box-term, respectively. Let us, therefore, discuss
them separately.
• I(1)34 term
To simplify the spinor integration, we use
(97)[	d	]〈	|S1|	]2 = [d	∂	˜]
[4	]
〈	|S1|	]〈	|S1|4]
for the first term of I(1)34 , and
(98)[	d	]〈	|S1|	]2 = [d	∂	˜]
[3	]
〈	|S1|	]〈	|S1|3]
for the second one, yielding
(99)
I(1)34 = −
1
(1 − 2z)
1∫
0
dx
1
(S21)
( 〈1|S1|4][3 2]
〈4|S1|4][3 4] +
〈1|S1|3][4 2]
〈3|S1|3][3 4]
)
.After some trivial spinor algebra to render the x-dependence
explicit, one can write,
(100)I(1)34 =
〈1|3|2]
s23(1 − 2z)
1∫
0
dx
f1(x)
(S21)
with
f1(x) = (1 − x + xz)
[
1
(1 + A − Ax − xz + Axz)
(101)− 1
(−1 − A + x − xz + Axz)
]
,
with A = s24/s23, and where we used 〈1|4|2] = −〈1|3|2], due
to momentum conservation. Since, see Eq. (65),
(102)S21 = s34z(1 − z)(x − x1)(x − x2),
with x1,2 given in (65), the contribution to the 4D-massive
triple-cut reads,
δI(1)34 =
〈1|3|2]
s23s34z(1 − z)(1 − 2z)
×
∫
dx f1(x)δ
(
(x − x1)(x − x2)
)
(103)= − (1 + A)
As23s34
〈1|3|2] = 〈1|3|2]
s23s34
,
where we used s23 + s24 = −s34, due to momentum conserva-
tion.
• I(2)34 term
The integral I(2)34 has been defined in (94). We use
(104)[	d	]〈	|R|	]2 = [d	∂	˜]
[4	]
〈	|R|	]〈	|R|4]
in the first term of I(2)34 , and
(105)[	d	]〈	|R|	]2 = [d	∂	˜]
[3	]
〈	|R|	]〈	|R|3]
in the second one, yielding
I(2)34 =
1
(1 − 2z)
1∫
0
dx
1
(R2)
(
z〈1|R|4][3 2]
〈4|R|4][3 4]
(106)+ (1 − z)〈1|R|3][4 2]〈3|R|3][3 4]
)
.
After some trivial spinor algebra to render the x-dependence
explicit, one can write,
(107)I(2)34 =
〈1|3|2]
s23(1 − 2z)
1∫
0
dx
f2(x)
(R2)
,
with
f2(x) = z
2
(−x − z − Az + 2xz)
(108)+ (1 − z)(1 − x − z + 2xz)
(−1 − A + x + z + Az − 2xz) ,
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(109)R2 = s23(1 − 2z)2(x − y1)(x − y2),
where
(110)y1,2 = 12
(
1 ±
√
Au + 1√
1 − u
)
, A = s13
s23
= s24
s23
,
the contribution to the 4D-massive triple-cut reads,
δI(2)34 =
〈1|3|2]
s223(1 − 2z)3
∫
dx f2(x)δ
(
(x − y1)(x − y2)
)
(111)= − 〈1|3|2]
s23s24
√
1 + Au.
By combining it with (103), one can now write down the result
for the 4D-massive triple-cut,
(112)Θ1|2|34 =
(
δI(1)34 + δI(2)34
)
.
Finally, one uses Eq. (84) to reconstruct the D-dimensional
triple-cut,
N1|2|34 = χ12
1∫
0
duu−1−μ2
(113)×
{ 〈1|3|2]
s23s34
− 〈1|3|2]
s23s24
√
1 + Au
}
out of which one can read the coefficient
(114)c3,1 = −〈1|3|2]2s23 ,
multiplying the cut of a 1m-triangle in shifted dimensions,
namely J3, see Eq. (67); and the coefficient
(115)c4 = 〈1|3|2]s342s24 ,
multiplying the cut of a 0m-box in shifted dimensions, namely
J4, see Eq. (79). The presence of terms like μ2m is sterile for the
4D-integration, and it only affects the u-integral, see Eq. (5). As
already said, the integration over u can be performed implicitly,
by absorbing it in the re-definition of the integration measure
for a value of dimensions which are shifted from the original
one, D → D + 2m. That simply translates into the definition of
the n-point J -type scalar integral, Jn ≡ In[μ2], as having the
same denominators as In and a single power of μ2 up in the
numerator [22,24].
4.3.2. Triple-cut N12|3|4
The second triple-cut needed for the reconstruction of the
linear box-integral 〈1|B|2] is depicted in to the l.h.s. of Fig. 7,
and is defined as,
N12|3|4 =
∫
dDΦ δ
(
(L4 + k4) − μ2
) μ2〈1|L4|2]
(L4 − k1)2 − μ2
(116)= χ12
1∫
0
duu−1−μ2Θ12|3|4,where
(117)Θ12|3|4 = 1
(2πi)
{
Δ
(+)
12 − Δ(−)12
}
with
(118)Δ(±)12 =
∫
dz δ(z − z0)(1 − 2z)2I12,
where
(119)I12 =
∫
〈	d	〉[	d	] 〈1|	|2]〈	|K34|	]〈	|Q1|	]〈	|Q2|	]± .
By means of Schouten identities, different from the ones used
for N1|2|34, we can separate I12 into two terms,
(120)I12 = I(1)12 + I(2)12 ,
where
(121)I(1)12 = −
1∫
0
dx
∫
〈	d	〉[	d	] 〈1	〉
(1 − 2z)〈2	〉]〈	|S2|	]2 ,
(122)I(2)12 =
1∫
0
dx
∫
〈	d	〉[	d	] (1 − z)〈1	〉
(1 − 2z)〈2	〉〈	|R|	]2 ,
where /R has been defined in Eq. (96), and
(123)/S2 = (1 − x)/K34 + x/Q2.
As done previously for I(i)34 (i = 1,2), one computes I(i)12 (i =
1,2) separately, yielding
(124)δI(1)12 =
(s34 − s23)〈1|3|2]
s23s24s34
and
(125)δI(2)12 = −
〈1|3|2]
s23s24
√
1 + Au.
By combining them, one can now write down the result for the
4D-massive triple-cut,
(126)Θ12|3|4 =
(
δI(1)12 + δI(2)12
)
.
Finally, one uses Eq. (84) to reconstruct the D-dimensional
triple-cut,
N1|2|34 = χ12
1∫
0
duu−1−μ2
(127)×
{ 〈1|3|2](s34 − s23)
s23s24s34
− 〈1|3|2]
s23s24
√
1 + Au
}
out of which one can read the coefficient
(128)c3,2 = −〈1|3|2](s34 − s23)2s23s24 ,
multiplying the cut of a 1m-triangle in shifted dimensions,
namely J3, see Eq. (67); and the coefficient
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multiplying the cut of a 0m-box in shifted dimensions, namely
J4, see Eq. (79). We notice, that, as it should be, c4 extracted
from the triple-cutN12|3|4 is the same as obtained in (115) from
N1|2|34.
The matching with the result of [24] re-written here in (83)
can be confirmed. The coefficient of J4 in (83) is exactly our c4,
since s34 = s12 and s24 = s13. Whereas the coefficient of J3 in
(83) amounts to the sum (c3,1 + c3,2), because, accidentally,
the two 1m-triangles in Fig. 5 can be expressed by the same
function, J3.
5. Triple-cut in four dimensions
Given the decomposition of a triple-cut in terms of two
double-cuts, see Fig. 2, in order to compute 4D-massless
triple-cut, one has to use the two-particle massless phase-space
[11,13],
(130)
∫
d4φ =
∫ 〈	d	〉[	d	]
〈	|K|	]
∫
t dt δ
(
t − K
2
〈	|K|	]
)
,
and perform the spinor integration along the line of [13,14].
Triple-cut in four dimension allow the extraction of the co-
efficients of triangle- and box-functions from finite cuts of one-
loop amplitudes, which enable the complete reconstruction of
amplitudes, for example, in supersymmetry and gravity.
6. Conclusions
We have presented a new method for computing triple
cuts of dimensional regularised one-loop amplitudes. It en-
ables the direct extraction of triangle- and higher-point-function
coefficients from any one-loop amplitude in arbitrary dimen-
sions.
The triple-cut has been defined as a difference of two double-
cuts, with the same particle contents and a same propagator
carrying opposite i0-prescription in each of the two cuts. The
three-particle D-dimensional phase-space measure is written
as a standard convolution of a four-dimensional massive three-
particle phase-space, and an integration over the corresponding
mass parameter, which plays the role of the (−2)-dimensional
scale. The four-dimensional integration, in each double-cut,
is carried on as, together with Anastasiou, Britto, Feng, and
Kunszt, we have recently proposed, by combining the method
of spinor integration via the holomorphic anomaly of massive
phase-space integrals, and an integration over the Feynman pa-
rameter. After Feynman parametrisation, by combining back
the two double-cuts into the triple-cut, the parametric integra-
tion is reduced to the extraction of residues to the branch-points
in correspondence of the zeroes of a standard quadratic function
of the Feynman parameter, characterizing each master-integral.
The final integration over the dimensional scale parameter is
mapped directly to triple-cut of master integrals with shifted di-
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